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Abstract. The paper discuss the problem of representing and combin-
ing inference systems for (abstract) context institutions, within the frame-
work of context presentations [9]. As it turns out, thanks to the context
information present in this setting, the inference rules for quantifier log-
ics can be expressed and manipulated in a simple way, without referring
to binding operators or requirements (cf. [11]).

1 Introduction

Many applications of logic in computing science concern composite domains.
As a consequence, it is becoming widely accepted that practically useful logical
formalisms should have a compositional nature, possibly reflecting the structure
of the problem domain.

Since the development of the notion of institution [4], formalizing “an ab-
stract model theory for specification and programming”, the issue of combining
logical systems started to attract interest of researchers. In [13] the notion of
parchment [3], originally invented as a tool for proving the satisfaction condition
for institutions, has been proposed as a framework for combining logics. The
idea has been later “re-discovered”, further refined and explored in a series of
papers [5–7, 2].

Institutions and parchment-like structures describe the structural part of
a logical system only. In particular, they do not take inference systems into
account. The issue of combining inference systems has been investigated mostly
in the context of fibring logics [10]. More recently, some of the results from
this field have been applied to parchment-like structures in [2] (for the case of
propositional logics).

In what follows we shall discuss the problem of representing and combin-
ing inference systems for (abstract) context institutions, within the framework
of context presentations [9]. As it turns out, thanks to the context information
present in this setting, the inference rules for quantifier logics can be expressed
and manipulated in a simple way, without referring to binding operators or re-
quirements (cf. [11]).
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2 Context presentations and context institutions

The aim of this section is mostly to recall some basic notions and facts from [9].
Let us start with metasignatures and metastructures which presentations use for
describing the syntactic and semantic aspects of a logical system respectively.

2.1 Metalanguage framework

Definition 1. A metasignature is a six-tuple Σ = 〈S,Ω,Π, V,C,Q 〉, such that
〈S,Ω,Π 〉 is a relational signature, V ⊆ S, C is a family of sets indexed by
natural numbers, and Q is a set.

Informally speaking, metasignatures are just relational signatures enriched by
symbols of logical connectives, (the family C), quantifier symbols (the set Q),
and having a distinguished subset of sort names (the set V ), for which we want
to talk about variables. A metasignature morphism consist of a relational signa-
ture morphism preserving the variable-sorts i.e., elements of V , and two map-
pings relating the connectives and quantifier symbols (see [9] for details). The
metasignatures and their morphisms (with an obvious definition of composition)
constitute a category, which we shall denote it by MSig.

For every metasignature L = 〈S,Ω,Π, V,C,Q 〉, by Syn(L) we shall denote
an algebraic signature 〈S ] {?}, ΩSyn ∪ΠSyn ∪ CSyn 〉 such that:

– ω ∈ Ωw,s iff ω ∈ ΩSyn
T (w),T (s)

– π ∈ Πw iff π ∈ ΠSyn
T (w),B

– c ∈ Cn iff c ∈ CSyn
B···B,B

where T (s) and B denote the injection of s ∈ S and ? into the disjoint union
S ] {?} respectively.

The above construction in an obvious way extends to a syntax functor : Syn :
MSig → AlgSig. In what follows, we shall also use two “sub-functors” of the
functor Syn – Atm : MSig→ AlgSig and Trm : MSig→ AlgSig, such that:

– Atm(〈S,Ω,Π, V,C,Q 〉) =̂ 〈T (S) ∪ {B}, ΩSyn ∪ΠSyn 〉,
– Trm(〈S,Ω,Π, V,C,Q 〉) =̂ 〈T (S), 〈ΩSyn

w→t | w ∈ T (S)∗ ∧ t ∈ T (S) 〉 〉,

The morphisms Atm` and Trm` are given by the respective components of the
morphism Syn`. For every metasignature L, the signatures Atm(L) and Trm(L)
are sub-signatures of Syn(L)—hence the informal term “sub-functor”.

Definition 2. An L-metastructure A consists of:

– a Syn(L)-algebra A,
– a T (V )-indexed set VA, such that for every s ∈ V (VA)T (s) ⊆ |A|T (s),
– a set DA, such that DA ⊆ |A|B,
– for every symbol q ∈ Q, a partial function qA : P(|A|B) ⇀ |A|B.



The set |A| =̂ |A| is called the carrier of the metastructure A, the subset VA—its
set of assignable values (i.e., elements which can be “ranged-over” by variables),
and the set DA—its set of designated elements. The set |A|B, corresponding to
the distinguished sort B of the “syntactic” signature Syn(L), plays the rôle of
the set of logical values.

L-metastructures can be viewed as many-sorted algebras enriched by gener-
alized operations—the partial functions corresponding to the symbols from Q.
These operations are ment to represent the semantics of quantifiers. Metastruc-
ture morphisms are just algebraic homomorphisms preserving both the distin-
guished subsets (of values and designated elements) and the generalized opera-
tions (cf. [9]). The category of L-metastructures will be denoted by MStr(L).

2.2 Interpretation structures and presentations

Informally speaking, metasignatures can be used for describing the grammar of
the language of a logical system while metastructures give the semantics of the
language. This idea is formalized by notions of an interpretation structure and
presentation.

Definition 3. An interpretation structure is a triple 〈L,M, Int 〉, consisting of:

– a metalanguage signature L ∈ |MSig|
– a class of models M∈ |Class|,
– an interpretation function (functor) Int : M→ MStr(L).

Interpretation structures closely resemble rooms for model-theoretic parchments
(cf. [7]). The main difference is that the latter are built over the notion of ordinary
(many-sorted) algebra instead of metastructure.

Definition 4. A triple 〈 `,m, int 〉 is an interpretation structure morphism from
〈L,M, Int 〉 to 〈L′,M′, Int ′ 〉 iff:

– ` : L→ L′ is a metasignature morphism,
– m : M′ →M is a function,
– int : m ; Int ⇒ Int ′ ;MStr` is a natural transformation.

Since M′ is a discrete category (a class) the natural transformation int is simply
an M′-indexed family of metastructure morphisms, such that for every M ′ ∈
M′:

intM ′ : Int(m(M ′)) → MStr`(Int ′(M ′)).

The composition of 〈 `,m, int 〉 : IS1 → IS2 and 〈 `′,m′, int ′ 〉 : IS2 → IS3 is
defined by:

〈 `,m, int 〉 ; 〈 `′,m′, int ′ 〉 =̂ 〈 ` ; `′, m′;m, (m′∗int) ; (int ′∗MStr`) 〉.

Interpretation structures and their morphisms constitute a category which we
shall denote by IntStr.



Definition 5. A context presentation is an arbitrary functor into the category
of interpretation structures:

P : SigP → IntStr.

We shall call SigP the category of signatures of the presentation P.
Let P : SigP → IntStr be a context presentation. To simplify notation, in the

sequel we shall omit the superscript from the name of the category of signatures
for P.

For any signature Σ ∈ |Sig| the presentation P assigns an interpretation
structure P (Σ):

Σ 7→ P (Σ) = 〈LΣ ,MΣ , IntΣ : MΣ → MStr(LΣ) 〉.

By “projecting” P to the first and second component respectively we obtain the
metalanguage functor LanP : Sig→ MSig and the model functor ModP : Sigop →
Class for P. Relationships between these two functors can be depicted as follows:
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Definition 6. Let P1 : SigP1 → IntStr and P2 : SigP2 → IntStr be presenta-
tions. A morphism from P1 to P2 is a pair 〈Φ, µ 〉 : P1 → P2 such that:

– Φ : SigP1 → SigP2 is a functor,
– µ : Φ ; P2 ⇒ P1 is a natural transformation.

Presentations and presentation morphisms constitute a category which we shall
denote by Pres.

We shall now give two simple examples and describe a presentation EQL
for the many-sorted equational logic and presentation FOL for the many-sorted
first-order logic (without equality). Other examples of presentations, as well as
examples of their morphisms, can be found in [8, 9].

Example 1 (Many-sorted equational logic). The category of signatures for EQL is
the category of algebraic signatures AlgSig. The metalanguage functor LanEQL :
AlgSig→ MSig is defined as follows:

– LanEQL(〈S,Ω 〉) =̂ 〈S,Ω,Π, S,C, ∅ 〉, where Πss =̂ {≡} for s ∈ S, and all
other elements of Π, and all Cn for n ≥ 0 are empty.

– for every σ : Σ1 → Σ2 in AlgSig, the morphism LanEQL
σ : LanEQL(Σ1) →

LanEQL(Σ2) is defined as σ for the symbols coming from Σ, and as the
identity for the equations from Πss, for s ∈ S.



The model functor ModEQL for every signature Σ in AlgSig returns the class of
all Σ-algebras Alg(Σ). For every algebraic signature morphism σ, the function
ModEQL

σ is the usual algebraic σ-reduct operation.
Let Σ = 〈S,Ω 〉 be an algebraic signature. For every Σ-model (algebra) M ,

we shall now define the metastructure IntΣ(M). Let AM be a SynEQL(Σ)-algebra
such that:

– for every sort s ∈ S, let |AM |T (s) =̂ |M |s,
– |AM |B =̂ {tt, ff},
– for every ω : s1 . . . sn → s0, ωAM

=̂ ωM ,
– for every s in S and a1, a2 in |AM |T (s), ≡AM

(a1, a2) equals tt if and only
if a1 and a2 are identical.

For every s ∈ S, as the set of values |V IntΣ(M)|T (s) for the sort T (s), let us take
the whole1 set |AM |T (s), and as the set of designated elements DIntΣ(M)—the
singleton set {tt}.

For every algebraic signature morphism σ : Σ1 → Σ2 and every algebra
A ∈ ModEQL

Σ2
, let intσ

A be the identity morphism.

Example 2 (Many-sorted first-order logic). The category of signatures for FOL is
the category of relational signatures RelSig, whose objects are triples 〈S,Ω,Π 〉,
where S is the set of sort names, Ω is an S∗×S-indexed set of operation symbols
and Π is an S∗-indexed set of relational symbols. Morphisms in RelSig are
defined in the usual way. The metalanguage functor LanFOL : RelSig→ MSig is
defined as follows:

– LanFOL(〈S,Ω,Π 〉) =̂ 〈S,Ω,Π, S,C, {∀} 〉, where C1 =̂ {¬}, C2 =̂ {∧}, and
the sets: C0 and Cn for n ≥ 3 are empty,

– for every relational signature morphism σ : Σ1 → Σ2, the morphism LanFOL
σ :

LanFOL(Σ1) → LanFOL(Σ2) is given by σ, for symbols coming from Σ, and is
defined as the identity for connectives and the quantifier, i.e. for the symbols:
¬, ∧ and ∀.

The functor ModFOL : RelSigop → Class, for every relational signature Σ,
returns the class of all relational Σ-structures (defined in a standard way). For
every σ : Σ1 → Σ2 in RelSig, the function ModFOL

σ is the corresponding σ-reduct
operation.

Let us now define the interpretation function for Σ = 〈S,Ω,Π 〉. Let M be an
arbitrary relational Σ-structure. We have to define the metastructure IntΣ(M).
Let AM be a SynFOL(Σ)-algebra, such that:

– the carrier |AM | and the interpretation of operation symbols from Ω are
defined as in the case of EQL,

– for every relational symbol π : s1 . . . sn and ai in |AM |T (si), i = 1 . . . n
the value of πAM

(a1, . . . , an) equals tt if and only if the tuple 〈 a1, . . . , an 〉
belongs to πM ,

1 In general, the set of values could be a proper subset of the carrier, e.g. as in the
case of partial first-order logic (cf. [9])



– ¬AM
and ∧AM

are the usual negation and conjunction.

The set of values and the set of designated elements are defined in the same way
as for EQL. The generalized operation ∀IntΣ(M), interpreting the ∀ quantifier is
defined as follows:

∀IntΣ(M)(B) =̂
{
ff if ff ∈ B
tt otherwise.

where B ⊆ |AM |B is an arbitrary subset.
For every signature morphism σ : Σ1 → Σ2 in RelSig, and every model

M2 ∈ ModFOL
Σ2

, the morphis intσ
M2

is the identity.

2.3 Towards syntax—metaformulae

As we have mentioned, we want to treat metasignatures as grammars for the lan-
guages of terms and formulae. This idea is made precise through the construction
of a metaformula functor

MFrm : MSig→ sDgm(Set)

where sDgm(Set) is the category of small diagrams in Set2. Below, we shall
briefly sketch this construction, since (a slight modification of) it will also be
used in the next section for defining schematic metaformulea.

Let V be an arbitrary (denumerable) vocabulary of variable symbols with a
fixed choice function choice : (P(V)\∅) → V, i.e. a function such that choice(V ) ∈
V for all nonempty V ⊆ V.

For every metasignature L = 〈S,Ω,Π, V,C,Q 〉 let MCtxtL be the full sub-
category of the category of substitutions TTrm(L), whose objects are T (S)-sorted
sets X of elements of V such that XT (s) = ∅ for s /∈ V . This category will be
called the category of L-metacontexts.

For any L-metacontext X, using (almost) the usual first-order syntax ap-
proach, we define the set of metaformulae MFrmL(X). The construction pre-
ceeds by induction over the set of all L-metacontexts. Let {MFrmL(X) | X ∈
|MCtxtL| } be the smallest family of sets satisfying the following conditions:

|TAtm(L)(X)|B ⊆ MFrmL(X)

c ∈ Cn ϕ1 . . . ϕn ∈ MFrmL(X)
c(ϕ1, . . . , ϕn) ∈ MFrmL(X)

ϕ ∈ MFrmL(X ∪ {v}s) v = fresh(X) q ∈ Q s ∈ V
q vs.ϕ ∈ MFrmL(X)

2 The objects in sDgm(Set) are pairs 〈A, F 〉, where A is a small category and F :
A→ Set is a functor. A morphism from 〈A, F 〉 to 〈B, G 〉 is a pair 〈H, α 〉, such that
H : A → B is a functor and α : F ⇒ H ; G is a natural transformation. Composition
of morphisms 〈H1, α 〉 : 〈A1, F1 〉 → 〈A′1, F′1 〉 and 〈H2, β 〉 : 〈A2, F2 〉 → 〈A′2, F′2 〉 is
defined as 〈H1; H2, α ; (H1 ∗ β) 〉.



where fresh(X) ≈ choice(V \ |X|). The first condition expresses the fact that ev-
ery atomic metaformula is a metaformula. The remaining two requirements say
that the set MFrmL(X) is closed under applications of connectives and quanti-
fiers.

The requirement that v = fresh(X) guarantees that the resulting metafor-
mulea are normalized wrt. a suitably defined notion of syntactic subsitution (in
the sense of [12, 8]). Hence, we can avoid the complexity of working with equiva-
lence classes (wrt. α-conversion) of metaformulae. The syntax translation along
metasignature morphisms is defined in a standard way. It is not difficult to show
that the construction indeed defines a functor from MSig to sDgm(Set).

By the base of an arbitrary functor F : A → sDgm(Set) we shall mean a
functor base(F) : A → sCat, such that base(F)(A) =̂ CA and base(a : A1 →
A2) =̂ Ca, where F(A) = CA : CA → Set and F(a) = 〈Ca : CA1 → CA2 , α 〉. For
example, the base for the metaformula fuctor MFrm is the metacontext functor
MCtxt : MSig → sCat, which to every metasignature L assigns the category
of L-metacontexts MCtxtL and for every metasignature morphism gives the
appropriate metacontext translation.

2.4 From presentation to context institution

In [8, 9] universal constructions in the category Pres of presentations have been
proposed as a framework for systematic construction of logical systems. Among
the objects of Pres the “really interesting ones” are those for which we can
directly construct a corresponding context institution.

Definition 7. A context institution consists of:

– a category Sig of signatures,
– a formula functor Frm : Sig→ sDgm(Set)
– a model functor Mod : Sigop → Class,
– a valuation functor Val : Elts(Mod) → sDgm(Set),

such that base(Val) ; ( )op = base(π ; Frm), where Elts(Mod) denotes the cate-
gory of elements3 for Mod and π : Elts(Mod) → Sig is the obvious projection
functor, plus for every: signature Σ, model M in ModΣ, and context Γ ∈ |CtxtΣ |
(where Ctxt =̂ base(Frm)),

– a binary satisfaction relation:

M [ ] |=Σ,Γ ⊆ ValΣ,M (Γ )× FrmΣ(Γ )

such that suitably defined Satisfaction and Substitution conditions hold (see [9]
for details).

3 The objects in Elts(Mod) are pairs 〈Σ, M 〉 s.t. Σ ∈ |Sig| and M ∈ |ModΣ |. A
morphism from 〈Σ1, M1 〉 to 〈Σ2, M2 〉 is a signature mprphism σ : Σ1 → Σ2 s.t.
Modσ(M2) = M1 (for more on categories of elements see [1]).



Due to the lack of space we shall not give any examples of context institutions
here. Interested Reader may consult [9, 8] for more information, motivation as
well as the definition of context institution morphism. In what follows the cate-
gory of context institutions will be denoted by ConIns.

The condition which enables us to construct a context institution I(P ) out of
a context presentation P is called logicality. In what follows I(P ) will be called
the context institution generated by P.

Definition 8. A presentation P : Sig→ IntStr is called logical iff:

– for every signature Σ in Sig, and every model M in ModΣ, all the generalized
operations in the metastructure IntΣ(M) are total,

– for every signature morphism σ : Σ → Σ′ and every model M ′ in ModΣ′ the
morphism intσ

M ′ : IntΣ(Modσ(M ′)) → MStrLanσ (IntΣ′(M ′)):
• reflects the designated elements,
• is surjective on the set of assignable values.

The notion of logicality extends to presentation morphisms yielding a category
of logical presentations denoted by LogPres.

For an arbitrary logical presentation P the context institution I(P ) generated
by P, has the same category of signatures as P. Also the model functor for I(P )
is the model functor for P (see Sect. 2.2). The formula functor is defined as the
composition LanP ; MFrm. Valuations are (suitably indexed) functions between
contexts and carriers of the metastructures interpreting models (given by Int).
For every signature Σ, every Σ-model M and every Σ-context X the satisfaction
relation is given by:

M [v] |=I(P )
Σ,X φ iff Jφ Kv ∈ DIntΣ(M).

where J Kv denotes a semantic interpretation function for formulae.
In other words, a formula φ is satisfied by a valuation v of the contextX in the

model M , if and only if, the value of its semantic interpretation corresponding to
v belongs to the set of designated elements of the metastructure IntΣ(M) (see [9,
8] for details). The construction of I(P ) extends to a functor I( ) : LogPres→
ConIns (cf. [8], Theorem 23 and Proposition 24).

In an obvious way both presentations described above—EQL and FOL—are
logical. Many more examples of logical presentations can be found in [8, 9].

3 Schematic metaformulae

To proceed towards our goal of introducing inference rules for context pre-
sentations we need to define expressions which, when appropriately “instanti-
ated”, would denote formulae of the object logic. We shall call such expressions
schematic metaformulae. They constitute a functor

SMFrm : MSig→ sDgm(Set) (1)



which we define below. In what follows we shall frequently use the term “s-
metaformula” instead of “schematic metaformula”.

In addition to the “ordinary” variables (elements of V) s-metaformulae can
contain variables denoting formulae of the logic in question. Those formula
variables have to constitute a part of the extended notion of context for s-
metaformulae. Defining schematic metacontexts we have to be careful to avoid
“incompatibilities” between different occurrences of the same formula variable
in a given s-metaformula. To clarify it let us consider the expression

qxτ.φ ⇒ qxσ.φ (2)

containg two occurences of a formula variable φ.
Assume that we want the whole expression to be interpreted in the set of

metaformulae over a given metacontext X. Then, because of the way the family
of sets MFrmL(X) has been defined, the first occurrence of φ should be evaluated
within the set of metaformulea over X ∪ {x}τ . At the same time, for the same
reason the second occurrence has to be evaluated in the set of metaformulae
over X ∪ {x}σ

4. In general these two sets would be different. Since in a given
instance of the quasi s-metaformula (2) we want both occurences of φ to denote
the same metaformula we shall put the information about the binding context of
a formula variable into the schematic metacontext.

Let FV be the dictionary (set) of formula variables. We shall assume that V
and FV are disjoint. For any metasignature L = 〈S,Ω,Π, V,C,Q 〉 by SMCtxtL
we shall denote a category whose object are triples 〈 s̄, X, Φ 〉 such that s̄ ∈ V ∗,
X is an L-metacontext and Φ is an V ∗-sorted set of elements from FV. We shall
also say, that a formula variable φ ∈ Φs1...sn

has a binding context s1 . . . sn. A
morphism in SMCtxtL from 〈 s̄, X, Φ 〉 to 〈 s̄, Y, Ψ 〉, where Φ ⊆ Ψ is an arbitrary
metacontext morphism t : X → Y .

In what follows, for any metacontext X and any s ∈ V by s(X) we shall
denote the metacontext X∪{fresh(X)}s. This notation extends to any sequance
s̄ = s1 . . . sn by putting s̄(X) = s1(. . . sn(X) . . .).

Let {SMFL〈 s̄, X, Φ 〉 | 〈 s̄, X, Φ 〉 ∈ |SMCtxtL| } denotes the least family of
sets such that SMFL〈 s̄, X, Φ 〉 ⊆ SMFL〈 s̄, X, Ψ 〉 for Φ ⊆ Ψ and satisfying the
following additional closure conditions:

s̄ ∈ V ∗ ϕ ∈ |TAtm(L)(s̄(X))|B
ϕ ∈ SMFL〈 s̄, X, ∅ 〉

φ ∈ FV s̄ ∈ V ∗

φ ∈ SMFL〈 s̄, X, {φ}s̄ 〉

c ∈ Cn ϕ1 . . . ϕn ∈ SMFL〈 s̄, X, Φ 〉
c(ϕ1, . . . , ϕn) ∈ SMFL〈 s̄, X, Φ 〉

ϕ ∈ SMFL〈 s::s̄, X, Φ 〉 v = fresh(s̄(X)) q ∈ Q s ∈ V
q vs.ϕ ∈ SMFL〈 s̄, X, Φ 〉

4 More formally, instead of the variable x we should have used fresh(X) (with appro-
priate sort “decoration”).



ϕ ∈ SMFL〈 s̄, X, Φ 〉 s ∈ V
[ϕ]s ∈ SMFL〈 s::s̄, X, Φ 〉

The last clause represents an “inclusion” [ ]s between the sets SMFL〈 s̄, X, Φ 〉
and SMFL〈 s::s̄, X, Φ 〉.5

As in the case of metaformulae, because of the “freshness” requirement for the
variable v above, each of the sets SMFL〈 s̄, X, Φ 〉 contains only expressions which
are normalized wrt. syntactic substitution of terms for variables, i.e. expressions
invariant under the identity substitution.

For any metasignature L the schematic metaformula functor SMFrmL to ev-
ery schematic metacontext 〈 s̄, X, Φ 〉 assigns the set SMFL〈 s̄, X, Φ 〉. For any
s-metacontext morphism t : 〈 s̄, X, Φ 〉 → 〈 s̄, Y, Ψ 〉, its image under SMFrmL

is a suitably defined substitution operation. Due to the lack of space we shall
not give its almost obvious definition here. For a metasignature morphism ` :
L1 → L2 its image under SMFrm is a family of functions translating for ev-
ery s-metacontext 〈 s̄, X, Φ 〉 s-metaformulae from SMFL1〈 s̄, X, Φ 〉 to the set
SMFL2〈 `∗(s̄),MCtxt`(X),SSet`∗(Φ) 〉.6

Note, that there is a “natural inclusion” α : MFrm ⇒ SMFrm. For every
metasignature L the functor αctx

L : MCtxtL → SMCtxtL sends each metacon-
text X to the s-metacontext 〈 ε,X, ∅ 〉 and every morphism f : X → Y to itself.
For any metacontext X the function αfrm

L (X) : MFrmL(X) → SMFrmL〈 ε,X, ∅ 〉
is the identity.

4 Inference rules and extended presentations

Let L be an arbitrary metasignature. Taking schematic metaformulea as the
basis, we shall now define the notion of an L-inference-rule.

Definition 9. An L-inference-rule is a triple r = 〈 〈 s̄, X, Φ 〉, prem(r), conc(r) 〉
such that:

– 〈 s̄, X, Φ 〉 is a schematic metacontext,
– prem(r) ∈ P(SMFrmL〈 s̄, X, Φ 〉),
– conc(r) ∈ SMFrmL〈 s̄, X, Φ 〉

Using translations of s-metacontexts and s-metaformulae provided by the functor
SMFrm we can easily see that the inference rules actually define a functor

Rules : MSig→ Set

which for every metasignature L assigns the set of all L-rules.
5 Technically speaking [ ]s is an obvious extension (by taking formula variables into

account) of the operation of performing an “inslusion substitution” ι : X → s(X).
In particular, [ ]s “re-normalizes” its argument wrt. s(X).

6 By `∗ we denote the obvious extension of the sort-component of ` to sequences. SSet
is the functor “creating” categories of sorted sets (cf. [9]).



Definition 10. An extended interpretation structure is a pair 〈 IS, R 〉 consist-
ing of:

– an interpretation structure IS = 〈L,M, Int 〉,
– a set of L-rules R ⊆ Rules(L).

A morphism from 〈 IS1, R1 〉 to 〈 IS2, R2 〉 is an arbitrary morphims 〈 `,m, int 〉 :
IS1 → IS2 in IntStr such that Rules`(R1) ⊆ R2.

The category of extended interpretation structures and their morphisms will be
denoted by eIntStr.

Proposition 1. The category eIntStr is cocomplete.

Proof. The category IntStr is cocomplete ([8], Theorem 13). Similarily cocom-
plete is the category of metasignatures ([8], Proposition 18). Using these two
facts it is easy to verify that the colimits in eIntStr are computed via colimits
in IntStr and a suitable category of “signed” sets of rules.

Definition 11. An extended context presentation is an arbitrary functor into
the category of extended interpretation structures:

P : SigP → eIntStr.

Defining the morphisms similarly as in the case of (ordinary) presentations we
obtain a category of extended presentations ePres.

Corollary 1. The category ePres of extended presentations is complete.

Proof. Completeness is a consequence of the fact that ePres is a category of
functors “into” a cocomplete category.

Example 3 (Many-sorted equational logic cntd.). Let us take the presentation
EQL for many-sorted equational logic, defined in Example 1. We shall turn it into
an extended presentation EQL : AlgSig → eIntStr by augmenting for every
algebraic signature Σ = 〈S,Ω 〉 the original interpretation structure EQL(Σ)
by the set of rules RΣ , consisting of the reflexivity, symmetry, transitivity and
congruence rules. For example for all s ∈ S the transitivity rule looks as follows:

xs ≡ ys ys ≡ zs

xs ≡ zs 〈 ε, {x, y, z}s, ∅ 〉

Please note, that there is no substitution rule among the rules in RΣ . It may
seem strange at first, but as we shall learn in the next section, there is a good
reason for this “omission”.

Example 4 (Many-sorted first-order logic cntd.). To obtain an extended presen-
tation for the first-order logic (without equality) it is enough to augment each
interpretation structure for the presentation FOL by inference rules correspond-
ing to the axiom schemata of the classical propositional calculus, the rule of
modus ponens and the following rules:

[∀xs.φ]s ⇒ φ
〈 s, ∅, {φ}s 〉

[φ]s ⇒ ψ

[φ]s ⇒ [∀xs.φ]s
〈 s, ∅, {{φ}ε, {ψ}s} 〉

for all s ∈ S.



4.1 From extended presentations to entailment systems

The notion of logicality introduced for ordinary presentations can without any
change be used for the extended case—we do not require anything extra about
the inference rules of extended logical presentations. We shall denote the resulting
category by eLogPres.

Let P : Sig→ eIntStr be a logical extended presentation. In this section we
shall define the entailment system generated by the rules of P and discuss its
semantic interpretation within the context institution I(P ). Let us start with
the notion of a valuation of a schematic metacontext.

Definition 12. A valuation of a schematic metacontext 〈 s̄, X, Φ 〉 in an L-
metacontext Y is an arbitrary pair 〈 t, ρ 〉 such that t : X → Y is a metacontext
morphism and ρ is an V ∗-indexed function from Φ to 〈MFrmL(s̄(Y )) | s̄ ∈ V ∗ 〉.

Every 〈 t, ρ 〉 defines an instantiation function { }〈 t,ρ 〉 : SMFrmL〈 s̄, X, Φ 〉 →
MFrmL(s̄(Y )). Due to the lack of space we are not able to present it here.7

Using the above concept we are ready to define the notion of an instantiation
for inference rules. Let r = 〈 〈 s̄, X, Φ 〉, prem(r), conc(r) 〉 be an L-inference-rule.

Definition 13. An instantiation of r in an L-metacontext Y via 〈 t, ρ 〉 is a pair

〈 { {ϕ}〈 t,ρ 〉 | ϕ ∈ prem(r) }, {conc(r)}〈 t,ρ 〉 〉.

In such a case we shall call the metaformula {conc(r)}〈 t,ρ 〉 an immediate con-
sequence of { {ϕ}〈 t,ρ 〉 | ϕ ∈ prem(r) } via r in Y .

For any (extended) presentation P we can define a sentence functor SenP : Sig→
Set such that

SenP(Σ) =̂
⋃

X∈|CtxtPΣ |

{X} × FrmP
Σ(X)

for any signature Σ (with an obvious action on morphisms). In plain words,
Σ-sentences are just “Σ-formulae with context”.

The inference rules of P define an entailment system, i.e. a family Ent(P ) =̂
{ `P

Σ | Σ ∈ |Sig| } such that

– each `P
Σ⊆ P(SenP

Σ)× SenP
Σ and

– whenever Γ `P
Σ1

φ and σ : Σ1 → Σ2 then SenP
σ(Γ ) `P

Σ2
SenP

σ(φ).

The entailment system Ent(P ) is given as follows: Γ `P
Σ φ iff there exists a finite

sequence φ1, . . . , φn of Σ-sentences such that

– φn = φ

7 The definition is quite obvious, with the only “delicate” point being the normaliza-
tion requirement for the result.



– for all i ≤ n either φi ∈ Γ or φi is an immediate consequence of some of
the sentences from {φ1, . . . , φi−1} via one of the rules from RΣ

8 or φi is a
substitution instance of one of the sentences from {φ1, . . . , φi−1}.9

It should be clear now why we have “omitted” the substitution rule from the
Example 3. It is because the substitution rule is a built-in “metarule”, i.e. it is
a part of our notion of consequence in the entailment system for P.

For any signature Σ in Sig let us introduce the following validity satisfaction
relation between Σ-models of P and sentences from SenP:

M 
Σ 〈X,φ 〉 iff for all v ∈ Val
I(P )
Σ,M (X) M [v] |=I(P )

Σ,X φ

Using the semantic consequence corresponding to 
Σ we can define the notion
of soundness for rules. Let r be a Σ-rule in P, i.e. r ∈ RΣ where P (Σ) =
〈 LanP

Σ ,ModP
Σ , IntΣ , RΣ 〉.

Definition 14. The rule r is sound iff for every Σ-context X and every Ξ ⊆
FrmP

Σ(X), ϕ ∈ FrmP
Σ(X), if ϕ is an immediate consequence of Ξ via r in X,

then { 〈X, ξ 〉 | ξ ∈ Ξ } 
Σ 〈X,ϕ 〉.

Using the validity satisfaction we can also easily define the semantic soundness
and semantic completeness of the entailment system for P given above.

Definition 15. The entailment system Ent(P ) is semantically sound if from
Γ `P

Σ φ it follows that Γ 
Σ φ for every signature Σ, Γ ⊆ SenP
Σ, and φ ∈ SenP

Σ.
It is semantically complete if the implication in the other direction holds.

The following proposition verifies that our notion of entailment for P is intu-
itively “correct”.

Proposition 2. The entailment system Ent(P ) is semantically sound, if and
only if, all its rules are sound.

4.2 Putting extended presentations together

The category of extended logical presentations eLogPres is not complete (for
the same reasons as LogPres is not complete). Therefore if we want to combine
extended logical presentations, we will have to use a broader category ePres for
this purpose.10

8 Strictly speaking, the metaformula being the second component of φ has to be an
immediate consequence of some of the metaformulae corresponding to the sentences
{φ1, . . . , φi−1}. This requires of course these premises and φ to have a common
metacontext.

9 It means that there is an index k < i and a context morphism t : X → Y in CtxtPΣ ,
where CtxtP = base(FrmP), such that FrmP

Σ(t)(ϕk) = ϕ and φk = 〈X, ϕk 〉 and
φ = 〈Y, ϕ 〉.

10 Limits in ePres are just limits in Pres extended by the combined inference rules.
Therefore all the observations about combining ordinary presentations remain true
fro the case of ePres (cf. [9]).



The interesting thing is, how the inference rules behave in the combination
process. Let us take the following example of a pullback square in ePres:

FOLEQ
〈G′, ν′ 〉 //

〈 F′, µ′ 〉

��

FOL

〈 F, µ 〉

��
EQL

〈G, ν 〉
// ALG

As it turns out, the presentation FOLEQ is logical and the resulting entailment
system is semantically sound. However, no matter how complete both Ent(EQL)
and Ent(FOL) are, their combination is not complete. For example let

φ = 〈X, t1 ≡ t2 ⇒ (P (t1) ⇒ P (t2)) 〉

where P is a unary predicate symbol and ti’s are terms. Then ∅ 
 φ, but obvi-
ously φ cannot be deduced from the empty set in Ent(FOLEQ ). The problem
is that the nature of the interaction between the equality and other formulea
is not described by any of the rules from the component presentations. So we
cannot hope for a general “completeness preservation” result here. Fortunately,
as one can show, the situation with soundness is better.

Proposition 3. If the limit in ePres of a diagram D, consisting of extended
logical presentations only, is logical, then it preserves the soundness of the com-
ponent inference systems.

5 Concluding remarks

We have extended the notion of context presentation from [8, 9] by augmenting
it by inference rules. The resulting framework seems to cover many interesting
examples, although—due to the lack of space—only two simple ones were briefly
sketched here.

For any extended presentation P we have defined an entailment system Ent(P )
generated by the rules of P and the corresponding notions of soundness and com-
pleteness wrt. the context institution I(P ).

Thanks to the completeness of the category ePres of extended presentations
we can use the standard categorical “machinery” as a tool for building logi-
cal systems with inference rules in a compositional way. Of course the process
is rather far from being “automatic” (except for the simple cases). Assuming
that both the components and the result are logical we can assure soundness
preservation

The framework as presented, although quite powerful already, does not allow
rules with schematic substitution such as the induction principle for example.
We believe that adding them is possible and moreover, since the notion of sub-
stitution is a first-order citizen in context presentations, the extended framework
should enjoy analogous meta-properties as the ones discussed above.
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